In this paper, we investigate some parity factors by using Lovász's (g, f )-parity theorem. Let m > 0 be an integer. Firstly, we obtain a sufficient and necessary condition for some graphs to have a parity factor with restricted minimum degree. Secondly, we obtain some sufficient conditions for a graph to have a parity factor with minimum degree m in term of edge connectivity.
Introduction
Let G = (V, E) be a graph with vertex set V (G) and edge set E(G). The number of vertices of a graph G is called the order of G. For a vertex v of graph G, the number of edges of G incident with v is called the degree of v in G and is denoted by d G (v). For two subsets S, T ⊆ V (G), let e G (S, T ) denote the number of edges of G joining S to T . The edge cut of G is a subsets of edges whose total removal renders the graph disconnected and the edge-connectivity is the size of a smallest edge cut.
An even (odd) factor of G is a spanning subgraph of G in which every vertex has even (odd, resp.) positive degree. Let g, f : V → Z + be two integer-valued function such that
By the definitions, it is easy to see that an even (or odd) factor is also a special parity factor.
Petersen obtained a well-known result on the existence of a 2-factor. Theorem 1.1 (Petersen, [4] ) Every bridgeless cubic graph has a 2-factor.
Fleischner extended Theorem 1.1 to the existence of an even factor. For (g, f )-parity factor, Lovász obtained a sufficient and necessary condition. Theorem 1.3 (Lovász [2] ) Let G be a graph and let g, f :
-parity factor if and only if for any two disjoint subsets S and T ,
where τ (S, T ) denotes the number of components C, called g-odd
In this paper, we shall study some parity factors by using Lovász's (g, f )-parity theorem. Firstly, for parity factor with minimum degree restricted, we obtain a simple sufficient and necessary condition. Secondly, we generalize Theorem 1.2 and obtain some sufficient conditions for a graph to have an even (or odd) factor in term of edge connectivity.
Main Results
Theorem 2.1 Let G be a graph and g :
Proof. Firstly, we prove necessity. Suppose that necessity does not hold. Then there exists
where τ (T ) denotes the number of components C, called g-odd
. By parity, F misses at least an edge from every g-odd component to T . Then we have
. We choose S, T such that S is minimal. Now we claim that S = ∅. Otherwise, suppose that S = ∅. Let v ∈ S and S ′ = S − v. Then we have
contradicting to the minimality of S.
By (1)
, then the result is followed. This completes the proof. Proof. Suppose that the result does not hold. By Corollary 2.2, there exists T ⊆ V (G) such that
where τ (T ) denotes the number of components C, called m-odd
We write W = C 1 ∪ · · · ∪ C τ . Now we discuss two cases.
contradicting to inequality (2).
Since G is m-edge connected, then we have e G (V (C), T ) ≥ m. Note that e G (V (C), T ) ≡ 1 (mod 2) and m is even. Hence e G (V (C), T ) ≥ m + 1. So we have
which implies
a contradiction again. This completes this proof. Proof. Suppose that the result does not hold. By Corollary 2.3, there exists a subset T such that
where τ (T ) denotes the number of components C, called m-odd components of G − T such that e G (V (C), T ) + |V (C)| ≡ 1 (mod 2). We write τ = τ (T ). Let C 1 , . . . , C τ denote these m-odd components of G − T and let W = C 1 ∪ · · · ∪ C τ .
Since G is m + 1-edge-connected, then we have By the discussion in Remark 1, it is easy to show that the bound of Theorem 2.5 is also tight.
